A hybrid iterative technique for the analysis of plane-wave diffraction from metallic gratings of arbitrary profile is presented. The finite-element method is used to model the field in the interior (groove) region, and the Floquet space harmonics expansion is used in the exterior region. Coupling of the two solutions is performed by the subregion iterative technique. In this way the symmetry and sparsity of the finite-element equations are fully exploited, and the number of Floquet harmonics can be set independent of the finite-element grid. Application to a rectangular and a sawtooth grating verifies the effectiveness of the proposed method.
INTRODUCTION
Gratings have found numerous applications in the areas of acousto-optics, integrated optics, holography, and spectroscopy. Metallic gratings are used extensively in reflectors, beam shapers, and multiplexers. Dielectric gratings, on the other hand, are of significant importance in applications related to waveguide couplers, spectral filters, and distributed-feedback lasers. Because gratings are widely used, various methods have been developed for the analysis of diffraction of electromagnetic radiation from gratings. The Rayleigh method 1 and the mode-matching method 2 -4 have been used extensively, especially for gratings of smooth profile. These methods are quite sensitive with respect to the grating's groove depth, as they suffer from the Rayleigh hypothesis. The relevant technique based on the Rayleigh hypothesis cannot efficiently approach the generalized problem of a grating that exhibits arbitrary profile and depth. A numerical approach seems to be more appropriate for the field modeling in the interior region.
Gratings of arbitrary profile have been treated by integral equation methods. 5 -7 The differential methods 6 are also of significant importance, as are the coupledwave methods, which have been applied with success to inhomogeneous gratings. 8, 9 Recently various numerical approaches based on the boundary element method, 10 the finite-difference method, 11, 12 and the finite-element method 13 -17 have been introduced. In Refs. 13 and 14 an integral approach was used for the expression of the exterior field and was coupled with the finiteelement solution.
A hybrid finite-element -analytical technique for the solution of diffraction from metallic gratings of arbitrary profile and thickness is described in what follows. Finite elements are used to model the field in the groove region. The FEM is a powerful technique for the solution of boundary-value problems with complicated geometry and inhomogeneities. It can handle arbitrary groove geometries easily. A Floquet harmonics expansion is employed in the exterior half-space z $ 0.
Coupling of the finite-element solution with the Floquet space harmonics is accomplished with the subregion iterative technique. This technique has the advantage of completely separating the process of solution in each subregion. The solution of the Floquet series provides boundary conditions for the finite-element solution. In this way the sparsity and symmetry of the finite-element matrices are fully exploited, since no square block appears in the finite-element equations. In addition, the Floquet series expansion is calculated with a point-matching procedure along the coupling boundary within the extent of a single period of the surface. In this way the number of Floquet harmonics can be set independent of the finite-element solution. This is an advantage of the proposed method, since a relatively small number of Floquet harmonics is needed for sufficient approximation of the field in the half-space z $ 0, whereas significantly more higher-order finite elements must be employed in the groove region.
FORMULATION
Consider a perfectly conducting groove-type grating of arbitrary profile and depth as depicted in Fig. 1 . The surface, being uniform along the y direction, is periodic along the x direction, with period d. The incident electromagnetic radiation arrives in the form of a plane monochromatic wave polarized along the y direction (TE polarization). The nature of the surface as well as the form of the impinging electromagnetic wave justifies a scalar treatment of the problem. Therefore the two-dimensional Helmholtz equation should be satisfied within the xOz plane:
Furthermore, the electric field intensity must satisfy the appropriate boundary conditions, i.e., the vanishing of the tangential component ͑E y ͒ at the perfectly conducting surfaces and the radiation condition along the z direction. An additional constraint is imposed by the periodicity of the surface, expressed by the following relation: 
where a 0 is the wave vector of the incident plane wave along the x direction.
A. Floquet Space Harmonics
In the z $ 0 region the electric field intensity is expanded in terms of Floquet space harmonics as
where
The first term in Eq. (3) corresponds to the incident plane wave, which, without loss of generality, is assumed to have unit magnitude. It is apparent that Eq. (3) satisfies the two-dimensional Helmholtz equation [Eq.
(1)], the periodicity constraint [Eq. (2)], and the radiation condition as z tends to infinity. The infinite summation with respect to n is truncated within the interval ͓2N, N͔, where N is a sufficiently large integer.
B. Finite-Element Method
The FEM is well adapted for the treatment of complicated geometries and inhomogeneities and is employed for the field approximation within the groove region. By weighting Eq. (1) with an arbitrary test function N 0 , we obtain the following weak Galerkin form:
which is transformed with use of Green's first identity, as
The field E y is approximated as
where E yi are the node values of E y and N i are the quadratic shape functions of triangular elements. 18 If the test function N 0 is set to be identical to the finiteelement shape functions, then the following linear system is obtained:
where [S] and [T ] are square matrices whose elements are given by
Linear system (8) is solved with an iterative technique, exploiting fully the symmetry and sparsity of the finiteelement matrices such as the incomplete Cholesky conjugate gradient method.
ITERATIVE SUBREGION METHOD
In the application of the iterative subregion method the problem domain is divided into two or more separate subregions, and a model of approximation is assigned to each one. The problem is solved separately in each subregion, and new boundary conditions are imposed on the other subregions. The problem is solved iteratively until convergence is attained.
The flow diagram of the iterative technique as applied to the problem of diffraction from a metallic grating is presented in Fig. 2 . The FEM is employed in the groove region. The boundary conditions are homogeneous Dirichlet on all boundaries, except along the z 0 axis, where Neumann boundary conditions are enforced that are derived from the normal differentiation of the Floquet series expansion:
The problem is solved in the groove region with the FEM, and field values along the z 0 axis are obtained. A point-matching procedure is enforced along the z 0 axis by equation of the Floquet series expansion [Eq. (3)] to the already obtained field values of the finite-element solution. The Floquet series expansion has been truncated to M 2N 1 1 terms, where N is a sufficiently large integer that all propagating Floquet harmonics and a significant number of evanescent modes are incorporated into Eq. (3). The point-matching procedure is applied to M 2N 1 1 uniformly spaced points x i along the z 0 axis within the period (cell) ͓0, d͔ with the following coordinates:
and the following relation for point x i holds: exp͑2ja
where E y ͑x i ͒ stands for the field value provided by the finite-element solution. Therefore, the following linear system of equations, 
, (15) for coefficients A n of the Floquet series [Eq. (3)] is formed (Floquet stiffness matrix), which is then solved by an elimination technique. The point with x coordinate x d is not considered, because a singularity would occur to the above system of equations as a result of periodicity constraint (2) of the Floquet harmonics. The newly calculated values of A n , n 2N, N are used to derive through Eq. (12) the Neumann boundary conditions for the following FEM iteration. Therefore the two methods are applied iteratively until convergence is attained, as outlined in the flow diagram presented in Fig. 2 . Convergence is attained when the Floquet coefficients have converged to their final value (e.g., their value changes less than a predefined small amount). Convergence is further checked by the difference between the power of the impinging wave and the power diffracted along all directions by the propagating Floquet harmonics, because the structure under study is assumed to be lossless. Under this perspective, the power balance criterion is expressed by the following energy error e:
where the prime indicates that the summation is performed with respect to the propagating ͑a n 2 , k 2 ͒ Floquet harmonics.
An advantage of the proposed technique is that it completely separates the solution in each subregion. In this way the application of the FEM in the groove region results in a very sparse system of equations which is readily solved by a preconditioned conjugate-gradient technique, demonstrating fast convergence. Further, the solution obtained from the previous iteration is input to the conjugate-gradient technique, offering an even better improvement in the convergence of the method. With the application of the point-matching procedure, the number of Floquet harmonics is chosen independent of the finite-element solution. This is an advantage of the proposed technique, since a relatively small number of Floquet harmonics is sufficient for approximating the field in the exterior open region, while a relatively dense finite-element mesh with quadratic shape functions is used in the interior (groove) region in order that the field distribution be approximated with sufficient accuracy.
APPLICATIONS
To verify the validity of the proposed hybrid technique, we analyze a characteristic grating structure, namely, a corrugated surface with rectangular grooves, as shown in Fig. 3 , for which a solution based on the rigorous modematching method exists. 19 In order to increase the accuracy of the finite-element solution in the groove region, we employ second-order triangular finite elements. The Floquet harmonics expansion with 41 coefficients is employed in the halfspace z . 0, and the energy error is forced to be below 10 24 . The problem is solved for a range of frequencies. The normalized reflected power along the specular reflection, which corresponds to the Floquet mode m 0, is shown in Figs. 4 19 are also presented. The agreement of the two methods is found to be very good. An advantage of the proposed method is that the electromagnetic field distribution is determined with quite good accuracy in the groove region. Figure 6 is typical in this respect; the figure shows isolines of the electric field intensity within the groove region for various frequencies and angles of incidence.
The method is further applied to the analysis of a grating with triangular profile, as shown in Fig. 7 . The nor- malized reflected power of the zero-order mode versus d͞l is plotted in Fig. 8 , and the electric field intensity distribution in the triangular groove region is presented in Fig. 9 .
CONCLUSIONS
A hybrid iterative technique for the solution of the problem of diffraction of plane waves from metallic gratings of arbitrary profile and depth is described in this paper. The finite-element method (FEM) is used to model the field in the groove region, and the Floquet space harmonics are employed for the solution of the exterior problem. Coupling of the two methods is accomplished iteratively by a point-matching procedure. Gratings of arbitrary profile can be handled by the proposed technique, and the number of Floquet harmonics can be set independent of the finite-element grid. The method has been applied successfully to a corrugated surface with rectangular grooves as well as to a sawtooth grating, verifying its stability and efficiency. Potential applications of the method involve the optimization of various grating structures.
